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Postselected von Neumann measurement characterized by postselection and weak value has been
found potential applications in quantum metrology and solved plenty of fundamental problems in
quantum theory. As an application of this new measurement technique in quantum optics, its
effects on the features of single-mode radiation fields such as coherent state, squeezed vacuum state
and Schrödinger cat sate are investigated by considering full-order effects of unitary evolution. The
results show that the conditional probabilities of finding photons, second-order correlation functions,
Q-factors and squeezing effects of those states after postselected measurement significantly changed
compared with the corresponding initial pointer states.
I. INTRODUCTION
Most researches in von Neumann type quantum mea-
surement in recent years has focused on postseleceted
weak measurement with sufficiently weak coupling be-
tween the measured system and pointer since it is use-
ful to study the nature of the quantum world. This
kind of postsselected weak measurement theory is orig-
inally proposed by Aharonov, Albert, and Vaidman in
1988 [1], and considered as a generalized version of stan-
dard von-Neumann type measurement. The result of
weak coupling postselected weak measurement is called
“weak value”, and generally is a complex number. One
of the special feature of the “weak value ” is that it can
take the values, which lie beyond the normal eigenvalue
range of corresponding observable, and this effect is very
clear if the pre- and post-selected state almost orthogo-
nal. This feature of “weak value ” is called signal am-
plification property of postselected weak measurement
and its first weak signal amplification property experi-
mentally demonstrated in 1991 [2]. After that, it has
been widely used and elucidated tremendous fundamen-
tal problems in quantum mechanics. For details about
the weak measurement and its applications in signal am-
plification processes, we refer the reader to the recent
overview of the field [3, 4]. As we mentioned earlier, in
postselected weak measurement the interaction strength
is weak, and it is enough to consider up to the first or-
der evolution of unitary operator for the whole measure-
ment processes. However, if we want to connect the weak
and strong measurement, check to clear the measurement
feedback of postselected weak measurement, the full or-
der evolution of unitary operator is needed, we call this
kind of measurement is postselected von-Neumann mea-
surement. We know that in some quantum metrology
problems the precision of the measurement depends on
measuring devices and require to optimize the pointer
states. The merits of postselected von-Neumann mea-
surement can be seen in pointer optimization schemes.
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Recently, the pointer optimization problem in postse-
lected von-Neumann measurement have been presented
widely, such as taking the Gaussian states [3, 5], Hermite-
Gaussian or Laguerre-Gaussian states, and non-classical
states [6, 7]. The advantages of non-classical pointer
states in increasing postselected measurement precision
have been examined in recent studies [6, 8, 9]. Fur-
thermore, in Ref. [10], the authors studied the effects
of postselected measurement characterized by modular
value [11] to show the properties of semi-classical and
non-classical pointer states considering the coherent, co-
herent squeezed, and Schrodinger cat state as a pointer.
Since in their scheme the pointer operator is a projec-
tion operator onto one of the states of the basis of the
pointer’s Hilbert space and interaction strength only has
taken one definite value, it can’t describe the effects of
postselected measurement to the properties of the radi-
ation field. However, to the knowledge of the author,
the issue related to the study of the effects of postse-
lected von-Neumann measurement considering all inter-
action strengths to the inherent properties such as pho-
ton distribution, photon statistics, and squeezing effects
of radiation field have not been handled and need to be
investigated.
The purpose of this study is to describe and exam-
ine the effects of postselected von-Neumann measure-
ment characterized by postselection and weak value to
the properties of single-mode radiation fields. However,
we choose the coherent state, squeezed vacuum state,
and Schrödinger cat state as pointers and consider their
polarization degree of freedom as measured system, re-
spectively. By taking full-order evolution of the unitary
operator of our system, we separately study the pho-
ton distributions, statistical properties and squeezing ef-
fects of radiation fields and compare that with the ini-
tial state cases. This study shows that the postselected
measurement changes the properties of single-mode ra-
diation fields dramatically for strong and weak measure-
ment regimes with specific weak values. Especially the
photon statistics and squeezing effect of coherent pointer
state is too sensitive to postselected measurement pro-
cesses.
2This paper is organized as follows: In Section. II, we
describe the model of our theory by brief reviewing the
postselected von-Neumann measurement and outline the
tasks we want to investigate. In Section. III, we sep-
arately calculate exact analytical expressions of photon
distribution, second-order correlation function, Mandel
factor and squeezing parameter of those three-pointers by
taking into account the full-order evaluation of unitary
operator under final states which given after postselected
measurement finished, and present our main results. Fi-
nally, we summarize our findings of this study in Sec.
IV.
II. MODEL SETUP
To build up our model, we begin to review some basic
concepts of the von-Neumann measurement theory. The
standard measurement consists of three elements; mea-
sured system, pointer ( measuring device or meter) and
environment, which induce the interaction between sys-
tem and pointer. The description of the measurement
process can be written in terms of Hamiltonian, and the
total Hamiltonian of a measurement composed of three
parts [12]
H = Hs +Hp(m) +Hint, (1)
where Hs and Hp(m) represents the Hamiltonian of mea-
sured system and measuring device, respectively, and
Hint is the interaction Hamiltonian between measured
system and pointer. By considering the measurement ef-
ficiency and accuracy, in standard quantum measurement
theory the interaction time between system and meter re-
quired to be too short so that the Hs and Hp(m) doesn’t
affect the final readout of the measurement result. Thus,
in general, a measurement can only be described by the
interaction part Hint of the total Hamiltonian, and it is
taken to the standard von Neumann Hamiltonian as [13]
Hint = g(t)AˆPˆ ,
∫ t
t0
g(t)dt = gδ(t− t0). (2)
Here, Aˆ represents the Hermitian operator corresponding
to the observable of the system that we want to measure
with Aˆ|φn〉 = an|φn〉, and Pˆ is the conjugate momentum
operator to the position operator Xˆ of the pointer, i.e.,
[Xˆ, Pˆ ] = iIˆ. The coupling g(t) is a nonzero function in a
finite interaction time interval t− t0.
One can express the position Xˆ and momentum op-
erator Pˆ of the pointer by using the annihilation aˆ and
creation operator aˆ† (satisfying [aˆ, aˆ†] = 1) as [14]
Xˆ = σ(aˆ† + aˆ), (3)
Pˆ =
i
2σ
(aˆ† − aˆ), (4)
where σ is the width of the beam. The Hamiltonian
Hint can be rewritten in terms of a and a
† as Hint =
ig(t)
2σ Aˆ(a
† − a). If the Hermitian operator Aˆ satisfies the
property Aˆ2 = Iˆ, then the unitary evolution operator
e
−i
∫
t
t0
Hintdτ of our coupling system is given by
e−igAˆ⊗Pˆ =
1
2
(Iˆ + Aˆ)⊗D(s
2
) +
1
2
(Iˆ − Aˆ)⊗D(−s
2
), (5)
where s is defined by s :≡ g/σ, and D ( s2) is a dis-
placement operator and its expression can be written as
D( s2 ) = e
s
2
(aˆ†−aˆ). We have to note that s characterizes
the measurement strength, and s≪ 1(s > 1) corresponds
to weak (strong) measurement regimes.
Assume that the system initially prepared in the state
|ψi〉 and the initial pointer state is |φ〉, then after inter-
action we project the state e
−i
∫
t
t0
Hintdτ |ψi〉|φ〉 onto the
postselected system state |ψf 〉, we can obtain the final
state of the pointer. Furthermore, the normalized final
state of the pointer can be written as
|Φ〉 = N
[
1
2
(Iˆ+〈A〉w)⊗D(s
2
)+
1
2
(Iˆ−〈A〉w)⊗D(−s
2
)
]
|φ〉.
(6)
Here, N is the normalization coefficient of |Φ〉, and
〈A〉w = 〈ψf |Aˆ|ψi〉〈ψf |ψi〉 , (7)
is called the weak value of Hermitian operator Aˆ. From
Eq. (7), we know that when the preselected state |ψi〉
and the postselected state |ψf 〉 of the system are almost
orthogonal, the absolute value of the weak value can be
arbitrarily large and can beyond the eigenvalue region of
observable A. This feature leads to weak value ampli-
fication of weak signals, and solved a lot of important
problems in physics.
In this study, we take the transverse spatial degree of
freedom of single-mode radiation field as pointer and its
polarization degree of freedom as a measured system. We
suppose that the operator to be observed is the spin x
component of a spin- 1/2 particle, i.e.,
A = σx = | ↑z〉〈↓z |+ | ↓z〉〈↑z |, (8)
where | ↑z〉 and 〈↓z | are eigenstates of the z-component
of spin, σz , with the corresponding eigenvalues 1 and
−1, respectively. We assume that the the pre- and post-
selected states of measured system are
|ψi〉 = cos θ
2
| ↑z〉+ eiϕ sin θ
2
| ↓z〉, (9)
and
|ψf 〉 = | ↑z〉, (10)
respectively, and the corresponding weak value, Eq. (7)
reads
〈σx〉w = eiϕ tan θ
2
, (11)
3where θ ∈ [0, pi] and ϕ ∈ [0, 2pi). Here, in our system,
the post-selection probability is Ps = cos
2 θ
2 . Note that
throughout the rest of this study we will use this weak
value for our purposes.
Furthermore, we take the initial pointer state |φ〉 as a
coherent state, squeezed vacuum state and Schrodinger
cat state to study the effects of postselected measure-
ment to the properties of those pointers, respectively. To
achieve our goal:
1. we study the conditional probability of finding n
photons after postselected measurement. For the state
|Φ〉, the conditional probability of finding n photons can
be calculated by
Ppost(n) = |〈n|Φ〉|2, (12)
and we compare it with the probability P (n) = |〈n|φ〉|2
of initial pointer state |φ〉.
2.we investigate the second-order correlation function
g(2)(0) and Mandel factor Qm for the |Φ〉 state. The
second-order correlation function of a single-mode radia-
tion field is defined as
g(2)(0) =
〈a†a†aa〉
〈a†a〉2 , (13)
and the Mandel factor Qm can be expressed in terms of
g(2)(0) as
Qm = 〈n〉
[
1− g(2)(0)
]
(14)
If 0 ≤ g(2)(0) < 1 and −1 ≤ Qm < 0 simultaneously, the
field have sub-Poissonian statistics and the field is pure
nonclassical.
3.we check the squeezing parameter of single-mode ra-
diation for the |Φ〉 state. The squeezing parameter of the
single-mode radiation field reads as [15]
Sφ = 〈: X2φ :〉 − 〈Xφ〉2 (15)
where
Xφ =
1√
2
(
ae−iφ + a†eiφ
)
, [Xφ, Xφ+pi
2
] = i (16)
is quadrature operator of the field, and : : stands for
the normal ordering of operator defined by : aa† := a†a,
whereas aa† = a†a+ 1. We can see that Sθ is related to
the variance of Xθ,i.e.
Sφ = (△Xφ)2 − 1
2
(17)
where △Xφ =
√
〈X2φ〉 − 〈Xφ〉2 . The minimum value of
Sφ is − 12 and for a nonclassical state Sφ ∈ [− 12 , 0).
In the next section, we will study the above properties
of three typical radiation fields by taking into the posts-
elected measurement with any interaction strengths and
weak values, respectively.
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Figure 1. (Color online) Photon distribution Pcoh(n) of co-
herent state as a function of photon number n. ϑ = pi
3
,
ϕ = pi
4
, r = 1. (a) Pcoh(n) plotted for s = 2, and for var-
ious weak value (〈σx〉w = e
ipi
3 tan θ
2
) and no interaction case
(black curve). (b) Pcoh(n) plotted for θ =
7pi
9
, and for various
coupling strength s.
III. EFFECTS OF POSTSELECTED
MEASUREMENT TO TYPICAL SINGLE-MODE
RADIATION FIELDS
In this section, we study the statistical properties and
squeezing effect of typical single-mode radiation fields
such as a coherent state, squeezed vacuum state and
Schrodinger cat state, respectively, and compare the re-
sults with the corresponding initial state’s case.
A. coherent state
The coherent state is typical semi-classical, quadrature
minimum-uncertainty state for all mean photon numbers.
Here, we take the coherent state as initial pointer state
[16]
|α〉 = D(α) |0〉 , (18)
where D(α) = eαa
†−α∗a, and α = reiϑ is an arbitrary
complex number. After unitary evolution that is given in
Eq. (5), the total system state is post-selected to |ψf 〉,
then we obtain the following normalized final state of
coherent pointer state:
|Ψ〉 = λ√
2
× (19)
[(1 +〈A〉w)e−i s2 Im(α)|α+ s
2
〉+ (1−〈A〉w)ei s2 Im(α)|α− s
2
〉],
where the normalization coefficient is given as
λ−2=1+|〈A〉w|2+e−12 s2(1 +|〈A〉w|2+2Re〈A〉w) cos(2sIm(α)),(20)
and Im (Re) represents the imaginary (real) part of a
complex number.
The conditional probability of finding n photons af-
ter taking a postselected measurement for state |Ψ〉 is
obtained from Eq. (12) by changing |Φ〉 to a specific
normalized state |Ψ〉. We plot the conditional probabil-
ity of finding n photons under the normalized state |Ψ〉
and the analytical results are shown in Fig. 1. As indi-
cated in Fig. 1, the black solid line represents the photon
4distribution probability for the initial state of coherent
pointer state before postselected measurement, and it has
a Poisson probability distribution. However, as shown in
Fig. 1 the postselected measurement can change the pho-
tons Poisson distribution with increasing the weak value
and changing the interaction strength s. Furthermore,
from Fig. 1(a) we can know that Pcoh(n) is larger, in
postslected case for some small photon numbers regions
rather than no interaction case.
For coherent state |α〉 (Eq. (18)) the second-order cor-
relation function g(2)(0) is equal to one, i.e.,g(2)(0) = 1
and the Mandel factor is equal to zero. Now we will calcu-
late the g
(2)
coh(0) and Qm,coh considering the final pointer
state |Ψ〉 for coherent pointer state.The expectation value
of photon number operator nˆ = a†a under the state |Ψ〉
is
〈n〉Ψ = |λ|
2
4
{|1 + 〈A〉w|2|α+ s
2
|2 + |1− 〈A〉w|2|α− s
2
|2
+ 2e−
s
2
2 Re[e2isIm(α)(1 − |〈A〉w|2 − 2iIm〈A〉w))×
(α+
s
2
)∗(α− s
2
)]}. (21)
If we take s = 0, then 〈n〉s=0 = |α|2 , this is the photon
number for initial coherent state |α〉. We also can get the
expectation value of 〈a†2a2〉 as
〈a†2a2〉Ψ = |λ|
2
4
{|1 + 〈A〉w |2|α+ s
2
|4 + |1− 〈A〉w|2|α− s
2
|4
+ 2e−
s
2
2 Re[e2is|α| sinφ(1 + 〈A〉∗w)(1 − 〈A〉w)×
(α +
s
2
)∗2(α− s
2
)2]} (22)
If we take s = 0 , it gives the value under the initial state
|α〉, i.g., 〈a†a†aa〉s=0 = |α|4. By substituting the above
expressions to the Eqs. (13) and (14), we obtain the
concrete expressions of g
(2)
coh(0) and Qm,coh, respectively.
To investigating the effect of postselected measurement
on the photon statistical properties of coherent state we
plotted the analytical figures of g
(2)
coh(0) and Qm,coh, and
the results are shown in Fig. 2.
From Fig. 2 we can deduce that in postselected weak
mesaurement region with large weak values(see Fig. 1(b)
and (c)), the final state of the pointer state possessed sub-
Poisson statistics (0 < g(2)(0) < 1 and −1 < Qm < 0).
From Fig. 1(d), we can see that in strong postselected
measurement the system has super Poisson statistics
(g(2)(0) > 1 and Qm > 0). Thus, the results are sum-
marized in Fig. 1 confirm that the postselected measure-
ment can change the statistical properties of the coherent
state significantly.
Since the coherent state is a minimum uncertainty
state, there is no squeezing effect for coherent state |α〉,
i.e., Sφ = 0. Next, we will investigate the squeezing
parameter Scohφ for |Ψ〉 of coherent pointer state. The
expectation value of Xφ,coh under the state |Ψ〉 is given
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Figure 2. (Color online) second-ordercorrelation function
g
(2)
coh(0) and Mandel factor Qm,coh for coherent state after
postselected measurement. Here, ϕ = 4pi
5
, ϑ = pi
3
. g
(2)
coh(0) vs
coherent state parameter r for different interaction strength s
(black sold line represents for initial coherent state |α〉 case)
and for (a) θ = pi
3
, or (b) θ = 7pi
9
. Mandel factor Qm,coh
plotted as a function of weak value for different r of coherent
state and for (c) s = 0.2, or (d) s = 2.
by
〈Xφ,coh〉Ψ = |λ|
2
√
2
{(1+ |〈A〉w|2)|α| cos(φ−θ)+ s cosφRe[〈A〉w]
+
1
2
e−
1
2
s2Re[e2isIm(α)(1− 〈A〉w)(1 + 〈A〉∗w)×
(2r cos(ϑ− φ) + is sinφ)]. (23)
If s = 0,then the above expression reduced to the ex-
pectation value of Xφ under the initial coherent pointer
state |α〉, i.e., 〈Xφ,coh〉s=0 = Re[αe−iφ]. The expectation
value of X2φ,coh with |Ψ〉 is given by
〈X2φ,coh〉Ψ =
1
2
〈(ae−iφ + a†eiφ)(ae−iφ + a†eiφ)〉
=
1
2
[〈a2〉e−2iφ + 〈a†2〉e2iφ + 2〈a†a〉+ 1]
=
1
2
[
2Re[〈a2〉e−2iφ] + 2〈n〉+ 1] (24)
where
〈a2〉 = |λ|
2
4
{|1 + 〈A〉w |2(α+ s
2
)2 + |1− 〈A〉w|2(α − s
2
)2
+ e2isIm(α)e−
s
2
2 (1− 〈A〉w)(1 + 〈A〉∗w)(α−
s
2
)2
+ e−2isIm(α)e−
s
2
2 (1 + 〈A〉w)(1− 〈A〉∗w)(α+
s
2
)2}.
(25)
The squeezing parameter Sφ,coh of state |Ψ〉 can be ob-
tained by substituting the Eq. (23) and Eq. (24) into
Eq. (17), and its analytical results listed in Fig. 3.
We can observe from Fig. 3 that after postselected
measurement the properties of the initial coherent state
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Figure 3. (Color online) The Squeezing parameter Sφ,coh for
coherent state after postselected measurement. Here, ϕ = 4pi
5
,
ϑ = pi
3
. Sφ,cohvs interaction strength s for various r and P
quadrature of coherent state (φ = pi
2
), but with different weak
value: (a) θ = pi
9
; (b) θ = 7pi
9
. (c) Sφ,coh plotted as function
of interaction strength s for various r and for θ = pi
9
, φ = 0
(represents the X quadrature of coherent state). (d) Sφ,coh
vs coherent state parameter r for different weak values and
for φ = pi
2
, s = 2.
changed dramatically, and can see the phase-dependent
squeezing effect; the X quadrature (φ = 0) of final state
not squeezed (see Fig. 3(c)), but P quadrature (φ = pi2 )
of the final state have a squeezing effect for moderate
interaction strengths (see Fig. 3(a),(b) and (d)) with
any weak values.
B. Squeezed vacuum state
Our second pointer state is squeezed vacuum state.
Suppose that measuring device initially prepared in the
squeezed vacuum state [16] which is defined by
|ξ〉 = S(ξ) |0〉 (26)
where S(ξ) = exp(12ξ
∗a2 − 12ξa†2), and ξ = ηeiδ is an ar-
bitrary complex number with modulus η and argument
δ ∈ [0, 2pi]. As indicated in Eq. (26), the squeezed vac-
uum state is generated by the action on the vacuum state
|0〉 of the squeezing operator S(ξ). After the postselected
measurement processes as outlined in the Section.II , the
normalized final pointer state can be written as
|ϕ〉 = κ
2
[(1 + 〈A〉w)|ξ, s
2
〉+ (1 − 〈A〉w)|ξ,−s
2
〉], (27)
where the normalization coefficient κ is given as
κ =
√
2[1+|〈A〉w|2+(1−|〈A〉w|2)e− 12 s2| cosh η+eiδ sinh η|2 ]− 12
(28)
and we note that |ξ,± s2 〉 = D(± s2 )S (ξ) |0〉 is squeezed
coherent state.
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Figure 4. (Color online) Photon distribution Psq(n) of
squeezed vacuum state after postselected measurement as a
function of n. Here, δ = pi
3
,ϕ = pi
3
, η = 0.5. (a) Psq(n) is
plotted for s = 1, and for no interaction case (black curve)
and various weak values. (b) Psq(n) is plotted for θ =
7pi
9
,
and for various interaction strength s.
The probability amplitude of finding n photons in a
squeezed coherent state is given by
〈n| ± s
2
, ξ〉 = 1√
cosh η
exp[−1
2
| ± s
2
|2 − 1
2
(±s
2
)∗2eiδ tanh η]×
(
1
2e
iδ tanh η
)n
2
√
n!
Hn
[
χ
(
eiδ sinh(2r)
)− 1
2
]
(29)
with χ = ± s2 cosh η + (± s2 )∗eiδ sinh η. To find the condi-
tional probability of n photons under the state |ϕ〉, we
can use Eq. (12) by changing |Φ〉 to |ϕ〉 and use Eq. (29).
The effects of postselected measurement to the probabil-
ity of finding n photons for state |ϕ〉 is displayed in Fig.
4. The black thick curve in Fig. 4(a) corresponds to the
conditional photon probability for initial pointer state
|ξ〉. As illustrated in Fig. 4, the postselected measure-
ment can change the photon distribution of the field, and
in fewer photon number region the Psq(n) with the state
|ϕ〉 is larger than no interaction case (see Fig. 4(a)).
For definite squeeze parameter η and weak measurement
region (s < 1) with large weak values, the Pqsis larger
than strong measurement region (s > 1), but its occurred
probability is small.
The second-order correlation function g(2)(0) andMan-
del factor Qm of initial squeezed vacuum pointer state |ξ〉
is given by
g(2)(0) = 3 +
1
sinh2 η
(30)
and
Qm = 1 + 2 sinh
2 η, (31)
respectively. It is clear that the number fluctuations
of squeezed vacuum pointer state initially are super-
Poissonian, and for all value of η both g(2)(0) and Qm
can’t take the values to possess the sub-Poissonian statis-
tics which is a nonclassical property of the field. Now,
we will study the effect of postselected measurement to
g(2)(0) and Qm of squeezed vacuum pointer state under
the normalized final pointer state |ϕ〉. The expectation
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Figure 5. (Color online) second-ordercorrelation function
g
(2)
sq (0) and Mandel factor Qm,sq of squeezed vacuum state
after postselected measurement. Here, ϕ = pi
3
,δ = pi
3
. (a)
g
(2)
sq (0) vs in interaction strength s for different weak values
and for η = 0.2. (b) g
(2)
sq (0) plotted as function of squeezed
vacuum state parameter η for various interaction strength and
for θ = 7pi
9
. (c) Qm,sq vs in interaction strength s for different
weak values and for η = 0.2. (d) Qm,sq plotted as function
of squeezed vacuum state parameter η for various interaction
strength and for θ = 7pi
9
, and the inset in this figure depicts
the curves in the interval η ∈ [0, 0.5].
value of photon number operator a†a and the (a†a)2 un-
der the final state |ϕ〉 can be calculated, and their explicit
expressions are given in Appendix. A (Since the expres-
sions are cumbersome to write here, we displayed them
in the Appendix ).
The analytical results for g
(2)
sq (0) and Qm,squnder the
state |ϕ〉 are presented in Fig. 5. It can be observed from
Fig. 5(a) and (c) that both g
(2)
sq (0) and Qm,sq can take
the values, which only sub-Poisson radiation field can
possess where s ? 0.5 and with large weak values. For
definite measurement strength s and larger weak value,
the value g
(2)
sq (0) is lower than one and the value of Qm,sq
is less than zero when the squeezed state parameter η is
less than one (see Fig. 5(b) and (d)). Thus, it is apparent
that the postselected measurement dramatically changed
the statistical properties of initial squeezed pointer state
|ξ〉.
The squeezing parameter Sφ of initial squeezed vacuum
state |ξ〉 is given by
Sφ =
1
2
[
cosh2 η − sinh(2η) cos(2θ − δ) + sinh2 η]− 1
2
.
(32)
It is evident from Eq. (32) that the squeezing effect of
squeezed vacuum state is phase-dependent: (i) if φ =
δ
2 , then Sφ = − 12 (1 − e−2η), it has squeezing effect for
η > 0; (ii) if φ = δ2 +
pi
2 , then Sφ =
1
2 (e
2η − 1), there
is no squeezing effect. This reveals that it spread out
the quadrature Xφ= δ
2
and at the same time squeezes the
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Figure 6. (Color online) Squeezing parameter Sφ,sq of
squeezed vacuum state after postselected measurement. Here,
ϕ = pi
3
. (a) Sφ vs η of squeezed vacuum state for different in-
teraction strength s and for δ = φ = 0, θ = pi
9
. (b)Sφ,sq plot-
ted as a function of φ for various interaction strength s and
for η = 0.5, δ = pi
3
, and θ = pi
9
. Sφ,sq vs interaction strength s
for different weak values and for δ = 0 and η = 0.5, but with
different φ: (c) φ = 0; (d) φ = pi
2
. The inset in (c) depicts the
curves in the interval s ∈ (0, 1].
quadrature Xφ= δ
2
+pi
2
.
In Fig. 6 the effects of postselected measurement to the
squeezing effect of the squeezed vacuum pointer state is
presented. According to Fig. 6(a) and (b), the post-
selected measurement would have a negative effect on
the squeezing effect of squeezed vacuum state since Sφ,sq
gradually becoming larger with increasing the measure-
ment strength s. However, as indicated in Fig. 6(c),
in weak measurement regime where 0 < s < 1 postse-
lected measurement still has the effects to the squeezing
of squeezed vacuum pointer state. As mentioned earlier
the squeezing effect of squeezed vacuum state is phase-
dependent, and the postselected measurement has no
positive effect on the squeezing of Xφ=pi
2
which is quadra-
ture too (see Fig. 6(d)).
C. Schrödinger cat state
In the previous two subsections, we already confirmed
that postselected measurement characterized by a weak
value can really change the statistical and squeezing effect
of single-mode radiation fields. To further increase the
reliability of our result, in this subsection, we check the
same phenomena by taking the Schrödinger cat state as
a pointer. The Schrödinger cat state is composed by the
superposition of two coherent correlated states moving in
the opposite directions, and defined as
|Θ〉 = K (|α〉+ eiω| − α〉) (33)
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Figure 7. (Color online) Photon distribution Psh(n) of
squeezed state as a function of photon number n. Here,
δ = pi
3
,ϕ = pi
3
,ω = 0, r = 0.5 (a) Psh(n) is plotted for s = 1,
and for various weak values. (b) Psh(n) is plotted for θ =
7pi
9
,
and for various interaction strength s.
where
K =
[
2 + 2e−2|α|
2
cosω
]− 1
2
(34)
is normalization constant and α = reiδ is a coherent state
parameter with modulus r and argument δ. The normal-
ized final state of Schrödinger cat state after the postse-
lected weak measurement is given by taking |φ〉 = |Θ〉 in
Eq. (6), i.e.,
|χ〉 = κ
2
[
(1 + 〈A〉w)D
(s
2
)
+ (1− 〈A〉w)D
(
−s
2
)]
|Θ〉
(35)
with normalization coefficient
κ−2 =
1
2
(1 + |〈A〉w |2) +K2(1− |〈A〉w |2) cos(2sIm[α])e− s
2
2
+
K2
2
ℜ[(1− 〈A〉w)(1 + 〈A〉∗w)×
(eiωe−
1
2
|2α+s|2 + e−iωe−
1
2
|2α−s|2)]. (36)
Here, we have to mention that ω ∈ [0, 2pi], and when
ω = 0 (ω = pi) it is called even (odd) Schrödinger cat
state. Similarly to the previous two cases, the condi-
tional probability Psh(n) of Schrödinger cat state can
be obtained by replacing the |φ〉 in Eq. (6) to |χ〉, and
the analytical results of even Schrödinger cat state is
presented in Fig. 7. As shown in Fig. 7, the posts-
elected measurement can change photon distribution of
the field, and in fewer photon regions with large weak
values, Psh(n) larger than initial photon distribution of
Schrodinger even cat state. By comparing Fig. 7 and
Fig. 4 we also can get the same common sense that the
even Schrödinger cat state have similar properties as a
squeezed state.
The Mandel factor and second-order correlation func-
tion for initial Schrodinger cat state are given by
Qm =
4|α|2e−2|α|2 cosω
1− e−4|α|2 cos2 ω (37)
and
g(2)(0) = 1 +
4e−2|α|
2
cosω
(1− e−2|α|2 cosω)2 , (38)
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Figure 8. (Color online) second-ordercorrelation function
g
(2)
sh (0) and Mandel factor Qm,sh of Schrödinger state after
postselected measurement. Here ϕ = 0, δ = 0. (a) g
(2)
sh (0)
plotted as function ω of Schrödinger cat state for various in-
teraction strength s and for θ = pi
9
, r = 0.3. (b) g
(2)
sh (0) vs
parameter r of Schrödinger cat state for different weak values
and for and s = 0.5, ω = pi. (c) Qm,sh plotted as function ω
of Schrödinger cat state for various interaction strength s and
for θ = pi
9
, r = 0.3. (d) Qm,sh vs parameter r of Schrödinger
cat state for different weak values and for s = 0.5, ω = pi.
respectively. It is apparent that both g(2)(0) and Qm
have sub-Poisson statistics when cosω < 0 (pi2 < ω <
3pi
2 ).
As indicated in Fig. 8, after postselected measurement,
the statistical property of Schrödinger cat state changed
from sub-Poisson to super-Poisson gradually with in-
creasing the interaction strength and weak value. How-
ever, as we can see in Fig. 8(b) and (d), in postse-
lected weak measurement regime, where 0 < s < 1,
would give the best performance for nonclassicality of
odd Schrödinger cat state with small coherent state mod-
ulus r.
The squeezing parameter of initial Schrödinger cat
state |Θ〉 reads as [15]
Sinφ =
|α|2e−4|α|2
(1 + e−2|α|2 cosω)2
×
[
1 +
(
cos 2φ(e2|α|
2
+ cosω)2 + sin2 ω cos2 φ− 1
)]
(39)
From this expression, we can deduce that the squeez-
ing effect of initial Schrödinger cat state is also phase-
dependent similar to the squeezed vacuum state, and
the quadrature of the field will be squeezed only when
the inequality cos 2φ < sin
2 ω cos2 φ−1
(cosω+e2|α|2 )2
satisfied. The de-
tails of this squeezing effect presented in Fig. 9(a)(see
the black solid curve). The analytic expression of Sφ,sch
for Schrödinger cat state after postselected measurement
can be achieved using final normalized state |χ〉, and the
analytical results are summarized in Fig. (9). As in-
dicated in Fig. 9, after postselected measurement, the
squeezing effect of Schrödinger cat state still depends on
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Figure 9. (Color online) Squeezing parameter Sφ,sh of
Schrödinger cat state. Here ϕ = 0, δ = 0, r = 0.3. Sφ,sh
of even Schrödinger cat state (ω = 0) vs squeezing parameter
angle φ for different interaction strength and for θ = pi
9
in
(a); for different weak values and for s = 0.5 in (b), respec-
tively. (c) Sφ,sh plotted as a function of ω for various weak
values and for s = 0.5, φ = pi
2
. (d) Sφ,shof odd Schrödinger
cat state (ω = pi) vs squeezing parameter angle φ for different
interaction strength and for θ = pi
9
.
phase φ, and the squeezing effect of both even and odd
Schrödinger cat states are increased with increasing the
interaction strength s and for small weak values (see Fig.
9(a), (b) and (d)). However, the odd Schrödinger cat
pointer state has no squeezing effect (see Fig. 9 (c) and
(d)).
IV. CONCLUSION AND REMARKS
In summary, we investigated the effects of postse-
lected measurement characterized by postselection and
weak value to study the statistical and squeezing ef-
fects of single-mode radiation fields. To achieve our goal
we take the coherent state, squeezed vacuum state and
Schrödinger cat state as a pointer, and their polariza-
tion degrees of freedom as measures system, respectively.
We derived analytical expressions of those pointer state’s
normalized final state after postselected measurement
considering all interaction strengths between pointer and
measured system. We separately presented the exact ex-
pressions of photon distributions, second-order correla-
tion functions, Mandel factors and squeezing parameters
of the above three typical single-mode radiation fields for
corresponding final pointer states, and plotted the figures
to analyze the results.
We found that the photon distributions of those three
pointer states changed significantly after postelected
measurement, especially the coherent pointer state. We
showed that postselected measurement changed the pho-
ton statistics and squeezing effect of coherent state dra-
matically, and noticed that the amplification effect of
weak value played a major role in this process. We also
showed that the postselected measurement changed the
photon statistics of squeezed vacuum state from super-
Poisson to sub-Poisson for large weak values, and mod-
erate interaction strengths. Whereas, the photon statis-
tics of Schrödinger cat state changed from sub-Poisson to
super-Poisson with increasing the interaction strength.
In accordance with previous findings, the squeezing ef-
fects of squeezed vacuum and Schrodinger cat pointer
states are still, phase-dependent and the squeezing effect
of squeezed vacuum pointer is decreased with increasing
the interaction strength. On the contrary, the squeezing
effect of Schrödinger cat state is increased with increasing
the interaction strength for small weak values compared
with the initial pointer state case.
In our current research, we only consider the three typ-
ical single-mode radiation fields to investigate the effects
of postselected von-Neuman measurement to their inher-
ent properties, but real light beams are in fact time-
dependent and the representation of time dependence
requires the use of two or more modes of the optical
systems. Thus, it would be interesting to check the ef-
fects of postselected measurement to other more useful
radiation fields in quantum optics and quantum informa-
tion processing such as single photon-added [17, 18] and
-subtracted [19] states, pair-coherent state (two-mode
field) [20–23] and other multimode radiation fields [24],
respectively.
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Appendix A: The explicit expressions of some
quantities
2. For squeezed vacuum pointer state: The expectation value of photon number operator a†a under the state |χ〉
is given by
〈a†a〉ϕ = |κ|
2
4
{2(1 + |〈A〉w |2)(s
2
4
+ sinh2 η) + 2Re[(1− 〈A〉w)(1 + 〈A〉w)∗I]} (A1)
9with
I = exp[−s
2
2
| cosh η + eiδ sinh η|2](sinh2 η + s
2
4
− s
2
2
(1 + i sin δ sinh 2η))
In calculating the squeezing parameter, we use 〈Xφ〉ϕ and 〈X2φ〉ϕ, and their expressions are given by
〈Xφ〉ϕ = s |κ|
2
4
√
2
{cosφ|1 + 〈A〉w |2 − cosφ|1 + 〈A〉w |2
+ 2 exp[−s
2
2
| cosh η + eiδ sinh η|2]Re[e−iθ(1 + 〈A〉w)(1 − 〈A〉w)∗(cosh2 η + 1
2
eiδ sinh 2η − 1
2
)]
− 2 exp[−s
2
2
| cosh η + eiδ sinh η|2]Re{eiθ(1 + 〈A〉w)∗(1 − 〈A〉w)[cosh2 η + eiδ 1
2
sinh 2η − 1
2
]}
and
〈X2θ 〉 =
1
2
[2Re(IIe−2iφ) + 2〈a†a〉+ 1] (A2)
with
II =
|κ|2
4
{
(
s2
4
− 1
2
sinh(2η)e−iδ
)
|1 + 〈A〉w |2 +
(
s2
4
− 1
2
sinh(2η)e−iδ
)
|1− 〈A〉w |2
+ (1− |〈A〉w|2)III}
where
III =
s2
4
+ s2(
1
2
e−iδ sinh 2η + sinh2 η) + s2(cosh η + eiδ sinh η)2e−2iδ sinh2 η
− e−iδ 1
2
sinh 2η} exp[−s
2
2
| cosh η + eiδ sinh η|2]
respectively.
3. For Schrödinger cat pointer state: The expectation value of photon number operator a†a and a†2a2 under the
state |χ〉 is given by
〈a†a〉χ = |κ|
2K2
4
{|1 + 〈A〉w|2
[
|α+ s
2
|2 + | − α+ s
2
|2 + eiω(α+ s
2
)∗(−α+ s
2
)e−2|α|
2
+ e−iω(−α+ s
2
)∗(α+
s
2
)e−2|α|
2
]
+ |1− 〈A〉w |2
[
|α− s
2
|2 + |α+ s
2
|2 − eiω(α− s
2
)∗(α+
s
2
)e−2|α|
2 − e−iω(α+ s
2
)∗(α− s
2
)e−2|α|
2
]
− 2Re[(eiω|α+ s
2
|2e−2|α+ s2 |2 + e−iωe−2|α− s2 |2 |α− s
2
|2 − 2e− s
2
2 Re[e2isIm(α)(α+
s
2
)∗(α− s
2
)])×
(1− 〈A〉w)(1 + 〈A〉w)∗]}, (A3)
and
〈a†2a2〉χ = |κ|
2K2
4
{|1 + 〈A〉w |2
[
|α+ s
2
|4 + | − α+ s
2
|4 + eiω(α∗ + s
2
)2(−α+ s
2
)2e−2|α|
2
+ e−iω(−α∗ + s
2
)2(α+
s
2
)2e−2|α|
2
]
+ |1− 〈A〉w |2
[
|α− s
2
|4 + |α+ s
2
|4 + eiωe−2|α|2(α∗ − s
2
)2(α+
s
2
)2 + e−iωe−2|α|
2
(α∗ +
s
2
)(α − s
2
)2
]
+ 2Re[(eiω|α+ s
2
|4e−2|α+ s2 |2 + e−iω|α− s
2
|4e−2|α− s2 |2 + 2e− s
2
2 Re[e2isIm(α)(α∗ +
s
2
)2(α− s
2
)2])×
(1− 〈A〉w)(1 + 〈A〉w)∗]}, (A4)
respectively. In calculating the squeezing parameter, we use 〈Xφ〉χ and 〈X2φ〉χ, and their expressions are given by
〈Xφ〉χ =
√
2Re[〈a〉χe−iφ]
10
with
〈a〉χ = |κ|
2K2
4
{|1 + 〈A〉w |2[s+ eiφ(−α+ s
2
)e−2|α|
2
+ e−iφ(α+
s
2
)e−2|α|
2
]
+ |1− 〈A〉w|2[−s− eiφ(α+ s
2
)e−2|α|
2
+ e−iφ(α− s
2
)e−2|α|
2
]
+ (1− 〈A〉w)(1 + 〈A〉w)∗[(2iα sin(2sIm[α])− s cos(2sIm[α]))e− 12 s2 − eiφ(α+ s
2
)e−
1
2
|2α+s|2 + e−iφ(α− s
2
)e−
1
2
|2α−s|2 ]
+ (1− 〈A〉w)∗(1 + 〈A〉w)[(−2iα sin(2sIm[α]) + s cos(2sIm[α]))e− 12 s2 + eiφ(−α+ s
2
)e−
1
2
|2α−s|2 + e−iφ(α+
s
2
)e−
1
2
|2α+s|2 ]}
and
〈X2φ〉χ =
1
2
[2〈a†a〉χ + 2Re[〈a2〉χe−2iφ] + 1]
with
〈a2〉χ = |κ|
2K2
4
{|1 + 〈A〉w |2
[
2(α2 +
s2
4
) + eiωe−2|α|
2
(−α+ s
2
)2 + e−iωe−2|α|
2
(α+
s
2
)2
]
+ |1− 〈A〉w|2
[
2(α2 +
s2
4
) + eiωe−2|α|
2
(α+
s
2
)2 + e−iωe−2|α|
2
(α− s
2
)2
]
+ (1−〈A〉w)(1+〈A〉w)∗[2e− s
2
4 (cos(2sIm[α])(α2 +
s2
4
)−isα sin(2sIm[α]))+e−iω(α− s
2
)2e−2|α−
s
2
|2+ eiω(α+
s
2
)2e−2|α+
s
2
|2 ]
+(1 +〈A〉w)(1 −〈A〉w)∗[2e− s
2
4 (cos(2sIm[α])(α2 +
s2
4
)−isα sin(2sIm[α]))+eiω(α − s
2
)2e−2|α−
s
2
|2+ e−iω(α+
s
2
)2e−2|α+
s
2
|2 ]},
(A5)
respectively.
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